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The optimal non-linear income tax

1. Introduction

In actual income tax systems marginal rates rise with income. However, the widely
accepted model for optimal income taxation in the public finance literature
(Mirrlees, 1971), does not prescript a clear-cut pattern for optimal marginal taxes.
The theoretical result of this model calls for optimal marginal rates that lie among
zero (for the top and bottom of 'the ability's scale)' and one. Consequently, it is
expliéitly agreed in this literature that the optimum shape must be obtained by
running simulations, which are based on different assumptions -- as described
below. Until recently, a vast quantity of works seemed to generate a strong piece of
evidence that supports declining marginal tax rates at high income levels; between
others we find Mirrlees work itself’, Tuomala (1984) and Slemrod et al. (1994).
However, Diamond (1996) has reopened the question of the optimum shape by
showing an example where optimal tax rates follow a U-shaped pattern;i/i‘.e., rising
marginal tax rates at high income levels.

In this paper we use Diamond’s methodology in order to calculate the optimum

non-linear income tax. The departure from Diamond’s paper is twofold: I) We aim

' With a finite maximum for the skill distribution, the optimal marginal tax rate at the income level

of the top skill is zero (Sadka, 1976a and Seade, 1977). If individuals choose to work, a zero optimal
marginal tax rate is also obtained at the income level of the bottom skill. (Seade, 1977)

% In Mirrlees’ simulations optimal marginal taxes decline with income. Since the shape was close to
linearity, this point was not stressed nor by Mirrlees nor by other authors citing his work.



at shedding light at the puzzling contradiction in the literature between rising and
declining marginal taxes at high income levels and II) We concentrate on optimal
taxes under a lognormal distribution -- which is in line with the benchmark
assumption of a vast quantity of previous papers3.

The paper is organized as follows. Section 2 presents the model and summarizes the
results of the literature. Section 3 deals with the controversy in the literature
between declining and rising marginal taxes for high income individuals. Section 4
studies the theoretical implications of our model for the case of a lognormal
distribution and presents an empirical estimation of the distribution of skills using
data f?om Israel. Section 5 concludes the paper and presents directions for further

research.

2. The classical model and the optimum shape

A. The Model

Assume the following utility function:

(DHu=UC)+V({1-L)

where C is consumption, 1-L is leisure and U and V are respectively the utility of
consumption and the utility of leisure. We assume all over the paper that V is
concave, and we elaborate below on the properties of U. The budget constraint at

the individual level is:

® In his benchmark case Mirrlees (197 1) assumed a lognormal distribution with mean n = 0.4 (n
represents skill) and 5=0.39. Other simulations using this distribution are found in Tuomala (1984),
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(2) C(w) = wh(w) - TlwL(w)]
where T symbolizes the income tax, which is defined on total income since the
wage w and the supplied amount of labor L(w) are not observed by the government.

The first order condition at the individual level is:

3) gf—:mr)w, f=T

C
where V' and U are the first derivatives of V and U respectively. Assume also the
existence of the self-selection constraint, which takes the form that utility must
increase with w':

du = V’L— >0
dw w

“4)

We introduce now the government, which maximizes the social welfare function:

5) SW = IHG{U[C(W)] + V{1 - L(w)]}f(w)dw

where w; and wy are the bottom and top of the positive and continuous distribution

of skills. The budget constraint of the economy is:

6) fC(w)f(w)dw = TWL(W)f(w)dw

WL Wi
i.e., government intervention is purely redistributive. We are now ready to write the

hamiltonian (H), which is composed by the social welfare utility function, the

Kanbur and Tuomala (1994) and Slemrod et al. (1994).
* This assumption assures agent monotonicity; i.e., before taxes, income and consumption rise with
skill (see Mvles, 1995, p.140).



budget constraint of the economy and the differential equation for the state variable

u (given by the self-selection constraint):
dF L
(M H={G(uv) - y[C(w) - wL(W)]} —+AV'—
. dw w
The control variable of this problem is L. v is the multiplier of the budget constraint

and A is the multiplier of the self-selection constraint.

The F.O.C. for a maximum are:

: oG ou dF A
8 H =| —— ‘ —(V'-LV" 0
® Ho=[ —=—| ) Iyt VLV =
V' dF A\ V'L
=y (W= T A (] 0, ==
=y(wW U‘) T (1+e)= v
dG(u) _dC. dF _dh
“H = —(22Y
©) » = du Ydu)dw dw

The transvefsality conditions are:
(10) M(wy)=A(w, )=0
By integration of both sides in (9), and using the transversality condition (10); we

obtain an expresion for A:

X _dG dF o Tfdh -
(11) J(uc )W {d dw =A(w,,) = A(W) = —M(w)

Using this expression and the F.O.C. of both the government and the individuals,

we obtain the following expression for the optimum non-linear marginal tax:



j [~ G'(u) fdw1

UC {:(l_F)} f=_(_i£
y(1-F) f ’ T dw

(12) 1 :[(lw#e)J[UC]

The first term in brackets represents the “efficiency effect” : the lower the labor
supply elasticity and the lower the wage (skill), the higher the marginal tax as a
consequence of efficiency considerations. The second term (U¢) represents “income
effects”. Income effects play a role, since when the utility of consumption is convex
(Uec <0), changes in the level of consumption affect the chosen amount of leisure
at the optimum; with a decreasing Uy, this effect causes optimal taxes to decrease
with t'};e level of income. The intuition is as follows: the imposition of taxes imply a
negative income effect; since leisure is a normal good, individuals choose to work
more and thus mitigate the negative income effect. This ‘mitigation’ effect is lower
for rich individuals, since they have a lower marginal utility of consumption. As a
consequence of that, labor supply for the rich is more elastic — which calls for lower
taxes. The third term is the “inequality aversion” effect; if we assume a decreasing
social marginal utility (G’ <0), the higher w, the higher the optimum marginal tax
rate as a consequence of this effect. Note also that when U decreases with w, the
impact of the inequality aversion effect increases, since transferring one dollar from
the rich to the poor increases social utility. The last term is the “distribution effect”.
This term is composed by the ratio of individuals above the income level, 1-F, to

the individuals in the income level itself, f. To understand this effect, we must note



that when we rise the marginal tax rate at a low income level, on one hand we
distort the decision for this income level, but on the other hand this new higher
marginal tax acts as a lump-sum tax on higher income levels; this is so since at high
'mcqme levels the decision at the margin is not affected by marginal tax rates in
previous brackets. The higher (1-F), the higher the quantity of individuals that are
paying higher lump-sum taxes, and consequently the higher is the optimum marginal
tax. On the other hand, the higher f the lower the optimum tax, since the higher is
the quantity of individuals affected by the distortion. Figure 1 shows the
“distribution effect” for different income distributions (uniform, exponential and
10’g-n0r'ma1).

[ INSERT FIGURE 1 HERE]
The intuition becomes clear by looking at the uniform distribution case: since f is
equal in all income levels, the marginal tax declines all over the range - reflecting
the fact that as we advance in the income axis, marginal taxes act as lump-sum for
fewer individuals.
‘By using equation 12 we may obtain all different optimal shapes shown in the
literature - according to the assumptions on the different components of the model.
Since there is a vast number of papers dealing with the different assumptions, we

summarize below the results of the literature on these components.
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B. Results in the literature
Leaving aside papers that consider income uncertaintys, a number of influential
papers using the classical model of income taxation seem to generate a strong case

for declining marginal tax rates at high income levels (table 1).

Table 1 - The optimum shape according to the literature

optimum _schedule {marginal taxes)

Mirrlees Atkinson Tuomala Kanbur and
F(n) 971y 1973 (1984a) Tuomala (1994)
0.1 24 33 68 70
0.5 22 30 62 80
0.9 19 26 50 78
0.99 17 21 35 48

Note: All the simulations assume a lognormal distribution with a mean skill of 0.4 (n=-1). The first
three papers assume that the variance of the logarithm of skills is 0.39, while the last paper assumes
4 variance of 1. All papers assume an elasticity of substitution (e) of 0.5, except Mirrlees (1971)
where e=1. All papers assume the existence of income effects: in the first two papers U equals 1/C
while in the last two it equals 1/C%. The revenue requirement is 7, 2, 10 and 10 percent of total
income, respectively. All papers assume a utilitar.an social planner except Atkinson (1973), who

assumes an ‘inequality aversion’ coefficient of 2.

* With income uncertainty, optimal taxes rise with income. Varian (1980) provides an example
where differences in income are due to ‘luck’. Tuomala (1984b) provides an example that introduces
labor income uncertainty to the classical model of skills.
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Although results of these works differ in the level of optimal taxes and in the degree
of linearity, it is a common feature that marginal taxes fall at high income levels®.
However, a recent paper by Diamond (1996) that uses the same model showed
rising marginal taxes at high income levels. This fact raises the following question:
which is the critical assumption that turns the results from rising to declining

marginal rates?

3. Rising or declining rates at high income levels?
In order to answer this question we list all critical assumptions one by one. Since
the existence of income effects is a critical assumption, we analyze it separately in

sub-section A, and then in sub-section B we summarize all other assumptions.

A. Rising or declining rates at high income levels? (or: What is the assumption that
drives Mirrlees’ results of declining marginal tax rates?)
Mirrlees’ cases were obtained for V=In(1-L). Under this assumption the “efficiency

effect” in equation 12 is equal to (1-1)U¢, and we may write equation 12 as follows:

® Marginal taxes for the highest percentile (table 1) suggest that the result of a zero marginal tax at
the top of the distribution is local. For further analysis on this point see Tuomala (1984a, p. 364).

9



T[%——G'(U)]fdw - .
, T 2] | w Ve - _ar
12 (1-1)? [(UC)] y(1-F) [ f J Cdw

Equafion 12’ shows that the term denominated as “income effects” is crucial for the
result of declining marginal tax rates.” To see this point we must note that at high
incoﬁie le\-'éls the last two terms increase with income: i) with G’ <0 the
distribution effect implies increasing marginal taxes all over the range, and ii) we
show in the next section that with a lognormal distribution the distribution effect
implies increasing marginal taxes at high ircome levels. Since income effects is the
single term that decreases at high inéome levels, it becomes clear that this is the
term that drives the result of declining marginal taxes. Figure 2 shows the results of
a si'mulation that compares optimal taxes with and without income effects.® In this
figure U(C)=InC corresponds to the case analyzed by Mirrlees, while U(C)=C
implies the inexistence of income effects, as assumed by Diamond (1996). Thus,
figure 2 shows that income effects constitute: the critical assumption that explains the
transition at high income levels from Mirrlees’ declining optimal rates to Diamonds’
rising rates.

[ INSERT FIGURE 2 HERE ]

7 Note that the elasticity of substitution is the same (=:1) for both the linear and logarithmic case:
e=(0A/0B)*(B/A). where A=(1-L)/C and B=(6w/8C)/{ dw/d(1-L)]. For U(C)=C, A=(1-L)/C and B=1-
L.i.e., e=l. For U(C)=In C. A=B=l.i.e., e=1,

® The details of the simulation are explained in appendix A. In general terms, the assumption we
need in order to-avoid income effects is u=f{C-V(L)], where u and V are convex functions.

10



Figure 2 - OPTIMAL TAXES AT HIGH INCOME LEVELS
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It is important to stress that all the other results shown in table 1 (Atkinson, 1973,
Tuomala, 1“9-84a and Kanbur and Tuomala, 1994) assume the existence of income
effects.. Thus, by using equation 12 we know that the result of declining marginal
tax rates at high income levels as obtained in these studies is affected by this

assumption.

B. Other assumptions

a. The elasticity of substitution

Stern (1976) found that assuming a more realistic assumption on the elasticity of
substitution between consumption and leisure - according to available empirical
evidence - leads to higher (linear) marginal taxes than those found by Mirrlees.
Tuomala (1984a) had shown that the elasticity of substitution affects not only the
lei{el of taxes, but also the shape of optimum taxation’. According to his simulations
different values of a constant elasticity of substitution can explain the change from
an almost linear shape as found by Mirrlees to a significantly non-linear shape, with
optimum marginal taxes falling at high income levels. However, it is worth to note
that his example implies both the reduction of the elasticity of substitution and an
increase in the impact of income effects. In appendix A.2 we show that a similar

result is obtained by changing only the degree of income effects.

° The range of values for the elasticity of substitution is chosen between 0.5 and 1. Sadka (1976b)
shows that with higher values of the elasticity of substitution, it is possible to get an optimal pattern
with decreasing average tax rates - even when efficiency effects do not play a role (i.e., with lump-sum
taxes/transfers) both for a utilitarian and a Rawlsian social planner.

12



It would be possible to obtain rising marginal tax rates by assuming that the
elasticity of substitution goes down while utility goes up. Nevertheless, to the best
of our knowledge there is no empirical support for such an assumption. Moreover,
all the papers cited above assumed a constant elasticity of substitution'®.

b. Labor supply elasticity

It is possible to have rising marginal tax rates if the compensated labor supply
elasticities go down as income goes up. We are not aware of any serious attempt to
assume explicit differences in elasticities of labor supply as a function of income. It
seems that the reason is twofold: I) most evidence on labor supply elasticities
suppoﬁs a low value, and II) there is no clear-cut evidence on the variability of
elasticities across income levels''.

¢. The social planner

The assumption on the type of social planner may affect both the level and shape of
the optimum tax system. Atkinson (1973) found that if the social planner maximizes
the utility of the poorest individual (“Rawlsian”), marginal tax rates are higher than
the ones obtained with a utilitarian social planner, as in Mirrlees (1971). Moreover,
the shape of the optimum system is substantially non-linear. However, it is
remarkable that even in the Rawlsian case marginal tax‘rates decline at high income

levels. Slemrod et al. (1994) found that choosing a more “inequality averse” social

' This is true except for the example presented by Diamond (1996), where V=a(1-L¥). In this case
the elasticity of substitution is (1-k)L/(1-L); i.e., it changes with labor supply.
""" A significant difference is found only between men and women (Atkinson and Stiglitz, p. 51).

13



planner implies higher marginal taxes, but does not affect the result that in a two-
bracket system the first marginal tax rate is higher than the second.

d. The revenue requirement

A higher revenue requirement raises the level of marginal taxes. If marginal utility
is convex, it may also affect the optimum shape of the tax through ;he income
effect. Mirrlees assumed a low revenue requirement, up to 9 percent of resources.
In Kanbur and Tuomala (1994) changes in the revenue requirement still imply a
remarked decline of marginal taxes at high income levels. Slemrod et al. (1994)
found that raising the revenue requirement raises optimal taxes, but does not affect
their finding in the context of a two-brackszt system of a higher first marginal tax
rate. As explained before, a rise of the revenue requirement implies higher income
effects.

e. The distribution of income

According to the model shown above, clearly the distribution of income is an
important factor: since different distributions imply a different ratio for (1-F)/f, it is
crucial to learn about the impact of the incorne distribution on the optimum shape of
taxes. Since Diamond (1996) did not elaborate explicitly on the lognormal
distribution case - which is the benchmark distribution on empirical grounds - we

turn in the following section to this case.

14
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4. Optimal taxes with a 'ibghormal distribution of skills
In this section we characterize the optimal shape for the case of a lognormal
distribution of skills, which is the benchmark distribution in the income tax
literature. Figure 3 characterizes the distribution effect for two pairs of values of the
mean and variance of the lognormal distribution, according to the scenarios in
Mirrlees (1971).

[ INSERT FIGURE 3 HERE ]
Figure 3 shows that the distribution effect implies a U-shaped pattern. In sub-section
A we generalize this empirical observation by using two propositions.
A. Opiimal taxes with a lognormal distribution of skills
In order to characterize optimal taxes we use the following two propositions.
Proposition 1 - With a lognormal distribution, the distribution effect is U-shaped.
Proof (adapted from Lancaster, 1990, p. 47) - We may write the ratio (1-F)/f for
the lognormal case as D(w) =cow/h(x), where log w is distributed normal with mean
p(x) and variance o , x=(Inw-p)/c and h(x) is the standard normal hazard rate.
The properties of h(x) are well-known: it increases monotonically from zero as x
increases from -oo, and as x-»o0, h(x) approaches x. Thus, for large x, D(w)~wo‘2 /
(Inw-p);i.e., D(w) approaches infinity. Furthermore,- since the lognormal density
starts from zero, D(0)= o. Thus, the function D(w) first decreases from infinity
and then, ultimately, increases to infinity. The single minimum occurs at the value

of x satisfying h(x)= o + x.

15



Figure 3 - The distribution effect for the lognormal case
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In appendix B we characterize this minimum for key values of the distribution-

mode, median and mean.

Proposition 2 - Assume zero income effects and | all the commonly accepted
assumptions as in Mirrlees (1971). a social planner with decreasing social marginal
urility (G’’<0), a logarithmic utility of leisure, and a lognormal distribution. Then,
optimal tax rates rise for high income individuals (excluding the top itself).

Proof - We apply equation 12 for V=In(l-L) and U=C. Since in this case

1+e=1/(1-L) and by the F.O.C. of the individual 1/(1-L)=w(1l-1), we obtain the

, followin g equation:

Jtr -G/ (U) fam

(14

[(1—1?)] po 9F
f .

-0 Y(-F)

i.e., in this case the efficiency effect is not at work. The first term in the right-hand
side is the distribution effect; Since G’’<0 by assumption, this term implies rising
marginal rates all over the range. Finally, we have shown in proposition 1 that with
a log-normal distribution the distribution effect implies rjsing marginal taxes at high
income levels.

Proposition 2 is rather suggestive. It says that under Mirrlees’ assumptions, if

income effects are not present at high income levels, we can obtain rising marginal

17



taxes at high income levels, a result which is in line with most systems worldwide,
but is opposite to the simulations in the literature as shown in section 2.

We explore now the empirical viability of a lognormal distribution of skills.

B. The distribution of skills: an empirical test

In-order to test the empirical viability of the model we test the empirical distribution
of skills using Israeli data'?. The Income Survey of the Central Bureau of Statistics
in Israel includes both total income per household and number of working hours
per-week. Using this data we obtain the wage per-working hour, which is our proxy
for skills (marginal product). The next step is to test for the best fit in terms of the
hole distribution of income, for the years 1993 and 1994. As explained before,
empirical findings in the labor market show that it is not possible to find statistically
significant differences in the elasticity of labor among income groups. However,
there is a substantial difference in elasticities between men and women. Since we
aim at looking at the distribution effect (i.¢., efficiency considerations are neutral),
we test the distribution of abiljties only for men that are also head of households.
Figures 4 and 5 show the results for the data as extracted straightforward from the
survey.

[ INSERT FIGURES 4 AND 5 HERE ]

'2 In accordance to our theoretical framework we assume that “skills’ are exogenous. In reality,
skills represent innate abilities and acquired human capital (through education and ‘on the job
training’). For a further discussion on the empirical distribution of skills see Sahota (1978).

18



Figure 4 - The distribution of skills in 1993
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Figure 5 - The distribution of skills in 1994
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It is highly remarkable that in both years the best approximation for the distribution
of skills is the lognormal distribution. However, the results are not significant
according to both Kolmogorov-Smirnov test and Chi-square test.
As wel_l known, it is very difficult to get significant results by using raw data as
taken straightforward from the sample, since it is based on discrete observations. In
order to get a further inside on the significance of the results we decided to perform
a Kernel estimation of the distribution function. The Kernel estimation is based on
smoothing the raw data, and in its simple form it is a smoothed histogram. The
properties of this estimation are well documented in the literature (see f.e.
Burkhouser, Crews, Daly and Jenkins, 1996). The main advantage of the Kernel
estimation is that it shows simultaneously the distribution’s level, the modality and
the spread of the distribution. For our purposes the main advantage of the Kernel
estimation is that it eliminates unnecessery noise created by the use of discrete
observations, as is the case of the raw data.
Figure 6 shows the results of the Kernel estimation for 1994, compared to the
theoretical lognormal distribution by using the logarithm of the mean and variance
as obtained from the sample.

[ INSERT FIGURE 6 HERE ]
In order to test whether the Kernel estimation is a good approximation to the
theoretical distribution we perform the Kolmogorov-Smirnov test. This test consists

on calculating the maximal difference (in absolute value) between the empirical

20



Figure 6 - Kernel estimation
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distribution and the theoretical one, D, , as compared to critical values as obtained
by applying the Kolmogorov theorem. The null hypothesis is F3=F, where F, is the
empirical cumulative distribution and F is the theoretical distribution - which serves
as a benchmark. The lower the value of D,  the more likely we do not reject the

null hypothesis.

Table 1 - A Kolmogorov-Smirnov test to the distribution of skills
Critical values for different significance levels
D, 1% 3%

0.1124 0.1615 0.1347

Note: n(intervals)=99. Critical values are calculated according to Bickel and Doksum (1977), p.

483.

Results show that D, is lower than the critical values for both 1 and 5 percent
significance levels". We conclude then that we cannot reject that the distribution of

skills is lognormal.

'3 Note that the higher the level of significance, the more likely we do not reject the null hypothesis.
As well-known, there is a trade off between type 1 error (rejecting the null hypothesis when it is true)
and type 2 error (not rejecting the null hypothesis when it is false). The critical values provided in the
[table are consistent with the accepted level of significance as they appear in the standard application

:of the Kolmogorov-Smirnov test (Bickel and Doksum, 1977).

i
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6. Conclusions and directions for further research

This paper simulates optimal income taxes by using the classical model of skills
(Mirrlees, 1971). We find that under Mirrlees’ assumptions, the existence of income
effects explains the switch from declining optimal marginal tax rates to rising
optimal rates at high income levels. The result of rising marginal tax féfes at high
income levels is in line with most systems worldwide, but contrasts with an
important stream of the literature which shows declining optimal rates.

Our analysis suggests two main directions for further research. First, it is important
to explore in empirical grounds the significance of income effects at high income
levels. Second, our analysis calls for further research on how important is the
assumption of income effects for a more general specification of the utility function.
In particular, there is a need to solve the problem for the case where income effects
and the elasticity of substitution can be changed once at a time, and not together as
done until now in the frame of the simulations of the optimal non-linear income

14
tax.

'* The C.E.S. function u={oC* + (1-0)(1-L)?] " allows for changes in income effects by perform-
ing changes in the parameter f. This utility function for the case of f=1 was assumed in Stern
(1976) and Slemrod et. al (1994), both in the context of linear schedules.
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Appendix A- A simulation of optimal taxes at high income levels

In order to simulate optimal taxes at high income levels we use the following

approximation for marginal taxes - assuming a social planner with G”’ <0: 5

~s, U, f 1
(13) r-mj S (m)dm

w [

where s,, is the marginal rate of substitution between labor and consumption'® and

w is the relevant level of skill for the calculation of the optimal marginal tax.

A.1) From declining to rising optimal marginal tax rates

Using the calculation of s,, for the different cases allows us to write the following

approximations:
T R
13)’ For U(C)=1 = | Cf(m)dm
(13)" For UQ)=InC, =y = g | CR(mydm
T 1 ¢
For U(C)=C = f(ra)d
or U(©=C, == s fCmam

The results of the simulation were shown in figure 2.

A.2) Increasing the degree of income effects

We use the following examples: V=In(1-L), and U=InC and -1/C respectively.

Since U equals respectively 1/C and 1/C? | the impact of income effects is

'> The use of the approximation must be restricted to high income levels, since it is true only for low
levels of social marginal utility. Tuomala (1984a, p.364) shows the same approximation for the case
of a utilitarian social planner and a convex utility of consumption.
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different in these two:cases, while :leé;vingzco’nstant the elasticity of substitution
(=1).

Figure 7 shows the results of increasi‘}lg income effects. The results are similar to
those of Tuomala (1984a, p. 362), bu:.t here the reason that changes the shape of
optimal taxes is the existence of incorjne effects. Since in Tuomala’s example both
in.come effects an.(j“rtﬁé""ela'sticit)if"o.'fl S“ili'b.stitllxtion pla):;v)ér..}ble, ihilé‘:ﬁgu;e calls for

further research on the reasons that are driving the resulit.

16 sequals V'/wU¢ and s,, equals Os/0w..
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Figure 7 - Changing the degree of income effects
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Appendix B - The optimal leIaQe and the lognormal distribution

In :this; appendix we characterize the optimal shape using key values of the
lognormal distribution: the mode, the median and the mean. For simplicity, we
.adopt ;he following assumptions: a log-linear (in leisure and consumption
_ respectively) separable utility function; a utilitarian social planner (G’=1) and a

lognormal distribution of skills.

..A. The mode (")
. Marginal taxes decline at the mode.

To show this claim we write the distritz)ution effect D(w) and its first derivative

D'(w):
1- F(w)
DWw) = —————=
=7
Dy < ZE OO~ SON=FGA) | f001=Fw)

Lf W)Y A
Since by definition £’(w)=0 at the mo{ie, we conclude that D’(w) at the mode is -1,

-i.e., marginal tax rates decline.
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B. The Median (c*)

If 0=0.8 marginal taxes decline until the rnedian and since then they rise (i.e., the
minimum marginal tax is at the median). If o> (<)0.8 then the minimum poiht is
at the right (left) of the median. |

To show this claim we use the formula for the minimum point as givén in
proposition 1. This minimum is given where h(x)= ¢ + x, where h(x) is the
standard normal hazard function. At the rmedian x=0, so we look for the valu? of o
where h(0)= o; i.e., 0.7978 (see Lancaster, 1990, p. 48) . In order to see that a
larger (lower) o implies that the minimum point is to the right (left) of the niedian

all we need is to characterize the minimum point for values of x lower (higher) than

zero, by using the standard normal hazard table.

C. The Mean (¢"***")
If 0~2 marginal taxes decline until the mean and since then they rise (i.el, the
minimum marginal tax is at the mean). If o> (<)2 then the minimum point is at

the right (left) of the mean. é

[

This claim can be shown by the same method, taking into account that in this case
}

|

x=0.5 o.
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